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Abstract 

The investigation of arXiv 1409.2766v2 [quant-ph] has been continued by the general form 
of the numerous equations with partial values of arbitrary spin, which were considered in above 
mentioned preprint. The general forms of quantum-mechanical and covariant equations for 
arbitrary spin together with the general description of the arbitrary spin field formalism are 
presented. The corresponding relativistic quantum mechanics of arbitrary spin is given as the 
system of axioms. Previously ignored partial example of the spin s=(0,0) particle-antiparticle 
doublet is considered. The partial example of spin s=(3/2,3/2) particle-antiparticle doublet is 
highlighted. The new 64 dimensional Clifford-Dirac algebra over the field of real numbers is 
suggested. The general operator, which transformed the relativistic canonical quantum mechani¬ 
cs of arbitrary spin into the locally covariant field theory, has been introduced. Moreover, the 
study of the place of the results given in arXiv 1409.2766v2 [quant-phj among the results of 
other authors is started. The review of the different investigations in the area of relativistic 
canonical quantum mechanics is given and the brief analysis of the existing approaches to the 
covariant field theory of arbitrary spin is initiated. The consideration of some important details 
of arXiv 1409.2766v2 [quant-ph] is improved. 
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KEYWORDS; relativistic quantum mechanics, square-root operator equation, Dirac equati¬ 
on, Maxwell equations, arbitrary spin, extended Foldy-Wouthuysen transformation. 

1. Introduction 

Recently in the arXiv preprint [1] the interesting results in the area of relativistic quantum 
mechanics and quantum held theory have been presented. Briehy the list of these results is as 
follows. The new relativistic equations of motion for the particles with spin s=l, s=3/2, s=2 
and nonzero mass have been introduced. The description of the relativistic canonical quantum 
mechanics (RCQM) of the arbitrary mass and spin has been given. The link between the RCQM 
of the arbitrary spin and the covariant local held theory has been found. The manifestly covari¬ 
ant held equations that follow from the quantum mechanical equations, have been considered. 
The covariant local held theory equations for spin s=(l,l) particle-antiparticle doublet, spin 
s=(l,0,1,0) particle-antiparticle multiplet, spin s=(3/2,3/2) particle-antiparticle doublet, spin 
s=(2,2) particle-antiparticle doublet, spin s=(2,0,2,0) particle-antiparticle multiplet and spin 
s= (2,1,2,1) particle-antiparticle multiplet have been introduced. The Maxwell-like equations for 
the boson with spin s=l and mass m > 0 have been introduced as well. 
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Here in this article the investigation of [1] has been continued by the general forms of the 
partial results found in [1], The general forms of quantum-mechanical and covariant equations 
for arbitrary spin together with the general description of the arbitrary spin field formalism are 
presented. The corresponding relativistic quantum mechanics of arbitrary spin is given as the 
system of axioms. The ignored in [1] partial example of the spin s=(0,0) particle-antiparticle 
doublet is considered. Moreover, the study of the place of the results given in [1] among the 
results of other authors is started. The review of the different investigations in the area of 
RCQM is given and the brief analysis of the existing approaches to the field theory of arbitrary 
spin is initiated. 

Note that in the Dirac model [2, 3] the quantum-mechanical interpretation is not evident. It 
has been demonstrated in [1] that the quantum-mechanical interpretation is much more clear 
in the Foldy-Wouthuysen (FW) model [4, 5]. Nevertheless, the complete quantum-mechanical 
picture is possible only in the framework of RCQM. This assertion is one of the main conclusions 
proved in [1]. 

The relativistic quantum mechanics under consideration is called canonical due to three 
main reasons, (i) The model under consideration has direct link with nonrelativistic quantum 
mechanics based on nonrelativistic Schrodinger equation. The principles of heredity and correspondence 
with other models of physical reality leads directly to nonrelativistic Schrodinger quantum 
mechanics, (ii) The FW model is already called by many authors as the canonical representati¬ 
on of the Dirac equation or a canonical field model, see, e. g., the paper [5]. And the difference 
between the field model given by FW and the RCQM is minimal - in corresponding equations it 
is only the presence and absence of beta matrix, (iii) The list of relativistic quantum-mechanical 
models is long. The Dirac model and the FW model are called by the „old“ physicists as the 
relativistic quantum mechanics as well (one of my tasks in this paper is to show in visual 
and demonstrative way that these models have only weak quantum-mechanical interpretati¬ 
on). Further, the fractional relativistic quantum mechanics and the proper-time relativistic 
quantum mechanics can be listed (recall matrix formulation by W. Heisenberg, Feynman’s 
sum over path’s quantum theory, many-worlds interpretation by H. Everett), etc. Therefore, in 
order to avoid a confusion the model under consideration must have its proper name. Due to 
the reasons (i)-(iii) the best name for it is RCQM. 

The general and fundamental goals in [1] and here are as follows: (i) visual and demonstrative 
generalization of existing RCQM for the case of arbitrary spin, (ii) more complete formulation 
of this model on axiomatic level (on the test example of spin s=(l/2,l/2) particle-antiparticle 
doublet), (iii) vertical and horizontal links between the three different models of physical reality: 
relativistic quantum mechanics of arbitrary spin in canonical form, canonical (FW type) field 
theory of any spin, locally covariant (Dirac and Maxwell type) held theory of arbitrary spin. 

All results of [1] are conhrmed here and consideration of some important details is improved. 

The concepts, dehnitions and notations here are the same as in [1]. For example, in the 
Minkowski space-time 

M(l,3) = {x = (x^) = (a;° = f, ^ = (xQ)}; /i = 073, j = 1, 2, 3, (1) 

x'^ denotes the Cartesian (covariant) coordinates of the points of the physical space-time in the 
arbitrary-hxed inertial reference frame (IRF). We use the system of units with h = c = 1. The 
metric tensor is given by 

9^'' = 9t^u = g^, «) = diag (1, -1, -1, -1); Xf, = (2) 
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and summation over the twice repeated indices is implied. 

Thus, in section 2 the Dirac’s comment of the square-root operator equation is considered. 

In section 3 the additional to [1] comments of the Foldy’s contribution are given. 

Section 4 contains the RCQM status quo review. 

Section 5 contains the equations for arbitrary spin status quo review. 

In section 6 the axioms of the RCQM of arbitrary spin are presented. The axiom on the 
Clifford-Dirac algebra is given in details. 

In section 7 the general description of the arbitrary spin held theory is given. The partial 
examples of the spin s=(0,0) and spin s= (3/2,3/2) particle-antiparticle doublets are visualized. 

In section 8 different ways of the Dirac equation derivation are reviewed. The place of our 
derivations is determined. 

Section 9 contains the brief discussion of interaction in the models under consideration. 

Section 10 contains application to the discussion around the antiparticle negative mass. 

Section 11 contains discussions and conclusions. 

Section 2. Dirac’s comment 


Note that the square-root operator equation, which is the main equation of RCQM, has 
been rejected by Dirac. In his consideration in [3] (chapter 11, section 67) of the main steps of 
[2] Dirac discussed this equation. His comment was as follows. 

«Let us consider first the case of the motion of an electron in the absence of an electromagnetic 
field, so that the problem is simply that of the free particle, as dealt with in §30, with the possi¬ 
ble addition of internal degrees of freedom. The relativistic Hamiltonian provided by classical 
mechanics for this system is given by equation 23 of §30, and leads to the wave equation 

\pq-( m^c^+pl+pl+pt)^^'tp = (5) 

where the p’s are interpreted as operators in accordance with (f). Equation (5), although it 
takes into account the relation between energy and momentum required by relativity, is yet 
unsatisfactory from the point of view of relativistic theory, because it is very unsymmetrical 
between po o-nd the other p ’s, so much so that one cannot generalize it in a relativistic way to 
the case when there is a field present. We must therefore look for a new wave equation.» 

Today another reason of Dirac’s rejection of the square-root operator equation is evident 
as well. The operations with the Dirac’s Hamiltonian are too much easier than the operations 
with the pseudo-differential Hamiltonian of the equation 

idtf{x) = — Af{x) (3) 

for the N-component wave function 

/ = column(/\/^...,/^), N = 2s + 1, (4) 

in the case of particle singlet and for the M-component wave function (M = 2N = 2(2s + 1)) in 
the case of particle-antiparticle doublet. Note that namely (3) is the equation of motion in the 
RCQM of arbitrary spin, see [1] for the details. 

Nevertheless, today, contrary to the year 1928, the dehnition of the pseudo-differential (non¬ 
local) operator 
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u = + m? = \/—A + m? > m > 0, ^ = (i?) = —iV, V = ((9^), (5) 

is well known. The action of the operator (5) in the coordinate representation (see, e. g. [6]) is 
given by 


= J d^yK{-t - ^), 


( 6 ) 


where the function A'(if — if') has the form K{lt — V) = — and K^{z) is the 

modihed Bessel function (Macdonald function), l"^! designates the norm of the vector 1^. 
Further, the following integral form 


(A/)(f,^) = 


(27r 






-rt2 


u)f{t, k), u = y k + ml, f E , 


( 7 ) 


of the operator u is used often, see, e. g., [5, 7], where / and / are linked by the 3-dimensional 
Fourier transformations 


= tAj / d^ke^^^^ = Att / d^ke *^^/(t,^), (8) 

(ztt) 2 J (27r) 2 J 

(in (8) belongs to the spectrum R| of the operator 'f', and the parameter t E {—oo, cxd) C 
M(l,3)). 

Note that the space of states (55) in [1] is invariant with respect to the Fourier transformation 
(8). Therefore, both if-realization (55) in [1] and k -realization for the doublet states space 
are suitable for the purposes of our consideration. In the k -realization the Schrodinger-Foldy 
equation has the algebraic-differential form 


idtf{t,t) = \lT + m^f{t,t)- t eR% /eH3-4. 

Below in the places, where misunderstanding is impossible, the symbol "tilde'bs omitted. 

Thus, today on the basis of above given dehnitions the difficulties, which stopped Dirac in 
1928, can be overcome. 


Section 3. Foldy’s contribution 

The name of the person, whose contribution in the theoretical model based on the equation 
(3) was decisive, is Leslie Lawrance Foldy (1919-2001). 

His interesting biography is presented in [8]. «Les was born in Sabinov, Czechoslovakia, on 
26 October 1919, into a family with Hungarian roots. His parents named him Laszlo Foldi. In 
the turbulent times following 'World War I, he immigrated with his parents to the US in 1921. 
His father changed the family’s last name and Les’s first name; Les later added his middle 
name, unaware of its more common spellings.» 

The hrst step of Foldy’s contribution is visualization of the quantum mechanical interpretati¬ 
on of the Dirac equation on the basis of transformation to the canonical (quantum-mechanical) 
representation [4]. This transformation was suggested together with the Netherlander Siegfri¬ 
ed (Sieg) Wouthuysen (pronounced Vout’-high-sen). In this FW representation of the Dirac 
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equation the quantum-mechanical interpretation is much more clear. Nevertheless, the direct 
and evident quantum-mechanical interpretation of the spin s=(l/2,l/2) particle-antiparticle 
doublet can be fulhlled only within the framework of the RCQM: the start was given in [5], see 
also the consideration in [1], 

In our investigations we always marked the role of L. Foldy. Taking into account the L. 
Foldy’s contribution in the construction of RCQM and his proof of the principle of correspondence 
between RCQM and non-relativistic quantum mechanics, we propose [9, 10] and [1] to call the 
N-component equation (3) as the Schrodinger-Foldy equation. Nevertheless, some results of [5] 
still were missed in the review [Ij. Note here that equation (3), which is a direct sum of one 
component spinless Salpeter equations [11], has been introduced in the formula (21) of [5]. 
Furthermore, note here that the Poincare group representation generators (12), (13) in [1] are 
known from the formulae (B-25)-(B-28) of the L. Foldy’s paper [5]. 

Other results of L. Foldy are already considered in [1], 


Section 4. Brief review of the relativistic canonical quantum mechanics status quo 


Contrary to the times of papers [2, 4, 5, 11], the RCQM today is enough approbated and 
generally accepted theory. The spinless Salpeter equation has been introduced in [11]. The 
allusion on the RCQM and the hrst steps are given in [5], where the Salpeter equation for the 
2s+1-component wave function was considered and the cases of s=l/2, s=l were presented as 
an examples. In [12] Laslo Foldy continued his investigations [5] by the consideration of the 
relativistic particle systems with interaction. The interaction was introduced by the specihc 
group-theoretical method. 

After that in the RCQM were developed both the construction of mathematical foundati¬ 
ons and the solution of concrete quantum-mechanical problems for different potentials. Some 
mathematical foundations and spectral theory of pseudo-differential operator — 

Ze^/r were given in [13-16]. The application of the RCQM to the quark-antiquark bound state 
problem can be found in [17, 18]. The numerical solutions of the RCQM equation for arbi¬ 
trary conhning potentials were presented in [18]. In [19] the spinless Salpeter equation for the 
N particle system of spinless bosons in gravitational interaction was applied. In [20] a lower 

bound on the maximum mass of a boson star on the basis of the Hamiltonian -|- m? — ex/r 
has been calculated. In [21] results calculated by the author with the spinless Salpeter equation 
are compared with those obtained from Schrodinger’s equation for heavy-quark systems, heavy- 
light systems, and light-quark systems. In each case the Salpeter energies agree with experiment 
substantially better than the Schrodinger energies. The paper [22] deal with an investigation 
of the exact numerical solutions. The spinless Salpeter equation with the Coulomb potential 
is solved exactly in momentum space and is shown to agree very well with a coordinate-space 
calculation. In [23, 24] the problem of spectrum of energy eigenvalues calculations on the basis 
of the spinless Salpeter equation is considered. The spinless relativistic Coulomb problem is 
studied. It was shown how to calculate, by some special choices of basis vectors in the Hilbert 
space of solutions, for the rather large class of power-law potentials, at least upper bounds on 
these energy eigenvalues. The authors of [23, 24] proved that for the lowest-lying levels, this 
may be done even analytically. In the paper [25] the spinless Salpeter equation was rewritten 
into integral and integro-differential equations. Some analytical results concerning the spinless 
Salpeter equation and the action of the square-root operator have been presented. Further, in 
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[26] F. Brau constructed an analytical solution of the one-dimensional spinless Salpeter equati¬ 
on with a Coulomb potential supplemented by a hard core interaction, which keeps the particle 
in the x positive region. In the context of RCQM based on the spinless Salpeter equation it 
was shown [27] how to construct a large class of upper limits on the critical value, g^\ of the 
coupling constant, g, of the central potential, V{r) = —gv{r). In [28] a lower bounds on the 
ground state energy, in one and three dimensions, for the spinless Salpeter equation applicable 
to potentials, for which the attractive parts are in Lp(R'^) for some p > n (n = 1 or 3), are 
found. An extension to conhning potentials, which are not in Lp(R'^), is also presented. In the 
paper [29], the authors used the theory of fractional powers of linear operators to construct a 

general (analytic) representation theory for the square-root energy operator + V 

of FW canonical held theory, which is valid for all values of the spin. The example of the spin 
1/2 case, considering a few simple yet solvable and physically interesting cases, is presented in 
details in order to understand how to interpret the operator. Note that corresponding results 
for the RCQM can be found from the FW canonical held theory results [29] with the help 
of our transformation (see the section 9 in [1]). Using the momentum space representation, 
the authors of [30] presented an analytical treatment of the one-dimensional spinless Salpeter 
equation with a Coulomb interaction. The exact bound-state energy equation was determined. 
The results obtained were shown to agree very well with exact numerical calculations existing 
in the literature. In [31] an exact analytical treatment of the spinless Salpeter equation with 
a one dimensional Coulomb interaction in the context of quantum mechanics with modihed 
Heisenberg algebra implying the existence of a minimal length was presented. The problem 
was tackled in the momentum space representation. The bound-state energy equation and the 
corresponding wave functions were exactly obtained. The probability current for a quantum 
spinless relativistic particle was introduced [6] based on the Hamiltonian dynamics approach 
using the spinless Salpeter equation. The correctness of the presented formalism was illustrated 
by examples of exact solutions to the spinless Salpeter equation including the new ones. Thus, 
in [6] the partial wave packet solutions of this equation have been presented; the solutions for 
free massless and massive particle on a line, for massless particle in a linear potential, plane 
wave solution for a free particle (these solution is given here in formula (8) for N-component 
case), the solution for free massless particle in three dimensions. Further, in the paper [32] 
other time dependent wave packet solutions of the free spinless Salpeter equation are given. 
Taking into account the relation of such wave packets to the Levy process the spinless Salpeter 
equation (in one dimensional space-time) is called in [32] as the Levy-Schrodinger equation. 
The several examples of the characteristic behavior of such wave packets have been shown, in 
particular of the multimodality arising in their evolutions: a feature at variance with the typical 
diffusive unimodality of both the corresponding Levy process densities and usual Schrodinger 
wave functions. A generic upper bound is obtained [33] for the spinless Salpeter equation with 
two different masses. Analytical results are presented for systems relevant for hadronic physics; 
Coulomb and linear potentials when a mass is vanishing. A detailed study for the classical 
and the quantum motion of a relativistic massless particle in an inverse square potential has 
been presented recently in [34]. The quantum approach to the problem was based on the exact 
solution of the corresponding spinless Salpeter equation for bound states. Finally, in [38] the 
connection between the classical and the quantum descriptions via the comparison of the associ¬ 
ated probability densities for momentum has been made. The goal of the recent paper [35] is a 
comprehensive analysis of the intimate relationship between jump-type stochastic processes (e. 
g. Levy flights) and nonlocal (due to integro-differential operators involved) quantum dynami¬ 
cs. in [35] a special attention is paid to the spinless Salpeter (here, m > 0) equation and the 
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evolution of various wave packets, in particular to their radial expansion in 3D. Foldy’s synthesis 
of «covariant particle equations» is extended to encompass free Maxwell theory, which however 
is devoid of any «particle» content. Links with the photon wave mechanics are explored. The 
authors of [35] takes into account our results [9] presented also in more earlier preprint, see the 
last reference in [35]. 

In the papers [9, 10], where we started our investigations in RCQM, this relativistic model for 
the test case of the spin s=(l/2,l/2) particle-antiparticle doublet is formulated. In [9], this model 
is considered as the system of the axioms on the level of the von Neumann monograph [36], 
where the mathematically well-dehned consideration of the nonrelativistic quantum mechanics 
was given. Furthermore, in [9, 10] the operator link between the spin s=(l/2,l/2) particle- 
antiparticle doublet RCQM and the Dirac theory is given and Foldy’s synthesis of «covariant 
particle equations» is extended to the start from the RCQM of the spin s=(l/2,l/2) particle- 
antiparticle doublet. In [1] the same procedure is fulhlled for the spin s=(l,l), s=(l,0,1,0), 
s=(3/2,3/2), s=(2,2), s=(2,0,2,0) and spin s=(2,1,2,1) RCQM. The corresponding equations, 
which follow from the RCQM for the covariant local held theory, are introduced. 

Therefore, here and in [1] I am not going to formulate a new relativistic quantum mechanics! 
The foundations of RCQM based on the spinless Salpeter equation are already formulated in 
[5, 6, 9-35]. 

Section 5. Brief analysis of the covariant equations for an arbitrary spin 


One of the goals of [1] is the link between the RCQM of an arbitrary spin and the different 
approaches to the covariant local held theory of an arbitrary spin. Surely, at least the brief 
analysis of the existing covariant equations for an arbitrary spin should be presented. 

Note that in [1] and here only the hrst-order particle and the held equations (together with 
their canonical nonlocal pseudo-diherential representations) are considered. The second order 
equations (like the Klein-Gordon-Fock equation) are not the subject of this investigation. 

Diherent approaches to the description of the held theory of an arbitrary spin can be found 
in [5, 37-46]. Here and in [1] only the approach started in [5] is the basis for further application. 
Other results given in [5, 37-46] are not used here. 

Note only some general dehciencies of the known equations for arbitrary spin. The consi¬ 
deration of the partial cases, when the substitution of the hxed value of spin is fulhlled, is not 
successful in all cases. For example, for the spin s>l existing equations have the redundant 
components and should be complemented by some additional conditions. Indeed, the known 
equations [47, 48] for the spin s=3/2 (and their conhrmation in [49]) should be essentially 
complemented by the additional conditions. The main difficulty in the models of an arbitrary 
spin is the interaction between the helds of higher-spin. Even the quantization of higher-spin 
helds generated the questions. These and other dehciencies of the known equations for higher- 
spin are considered in [50-61] (a brief review of dehciencies see in [59]). 

Equations suggested in [1] and here are free of these dehciencies. The start of such consi¬ 
deration is taken from [5], where the main foundations of the RCQM are formulated. In the text 
of [1] and here the results of [5] are generalized and extended. The operator link between the 
results of [4] and [5] (between the canonical FW type held theory and the RCQM) is suggested. 
Note that the cases s=3/2 and s=2 are not presented in [5], especially in explicit demonstrative 
forms. The results of [1] are closest to the given in [62, 63]. The diherence is explained in the 
section ?? below. 
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Even this brief analysis makes us sure in the prospects of the investigations started in [1], 
The successful description of the arbitrary spin held models is not the solved problem today. 

Section 6. Axioms of the relativistic canonical quantum mechanics of an arbitrary 

spin 


The RCQM of the arbitrary spin given in sections 2 and 18 of [1] can be formulated at the 
level of von Neumann’s consideration [36]. The difference is only in relativistic invariance and 
in the consideration of multicomponent and multidimensional objects. 

The partial case of axiomatic formulation is already given in section 7 of [1] at the example of 
spin s=l/2 particle-antiparticle doublet. The RCQM of the arbitrary spin particle-antiparticle 
doublet (or particle singlet) can be formulated similarly as the corresponding generalization of 
this partial case. 

Below the brief presentation of the list of the axioms is given. Note that some particular 
content of these axioms is already given in section 2 of [1], where the RCQM of the arbitrary 
spin particle singlet has been formulated. 

On the space of states. The space of states of isolated arbitrary spin particle singlet in 
an arbitrarily-hxed inertial frame of reference (IFR) in its “af-realization is the Hilbert space 


= L 2 (R^) ® C®^ = {/= (/^) : R^ ^ C®^; J £x\f{t,^)\^ < oo}, N = 2s + 1, (10) 

of complex-valued N-component square-integrable functions of a; G R^ C M(l, 3) (similarly, in 
momentum, "^-realization). In (10) d^x is the Lebesgue measure in the space R^ C M(l,3) of 
the eigenvalues of the position operator it of the Cartesian coordinate of the particle in an 
arbitrary-hxed IFR. Further, it and are the operators of canonically conjugated dynamical 
variables of the spin s=(l/2,l/2) particle-antiparticle doublet, and the vectors /, / in 't- and 
"^-realizations are linked by the 3-dimensional Fourier transformation (the variable t is the 
parameter of time-evolution). 

The mathematical correctness of the consideration demands the application of the 
rigged Hilbert space 


= S(R^) X C^ C H=^’^ c (11) 

where the Schwartz test function space is the core (i. e., it is dense both in H^’^ and in the 
space S^’^* of the N-component Schwartz generalized functions). The space is conjugated 
to that of the Schwartz test functions S^’^ by the corresponding topology (see, e. g. [64]). 

Such consideration allows us to perform, without any loss of generality, all necessary calculati¬ 
ons in the space S^’^ at the level of correct differential and integral calculus. The more detailed 
consideration (at the level of [65]) is given in section 2 of [1]. In the case of arbitrary spin 
particle-antiparticle doublet the dimension of spaces (10), (11) is M=2N=2(2s+l). 

On the time evolution of the state vectors. The time dependence of the state vectors 
/ G H^’^ (time t is the parameter of evolution) is given either in the integral form by the unitary 
operator 


u {to, t) = exp [—iuj{t — to)]; x) = V—A -|- m^, 


(12) 



(below to = ^ is put), or in the differential form by the Schrodinger-Foldy equation of motion 
(3) with the wave function (4). In terms of operator (5)-(7) this equation is given by 


(f(9o - u)f{x) = 0. (13) 

Note that here the operator u = V—A + m? is the relativistic analog of the energy operator 
(Hamiltonian) of nonrelativistic quantum mechanics. The Minkowski space-time M(l,3) is 
pseudo Euclidean with metric g = diag(-|-l, —1, —1, —1). The step from the particle singlet 
of arbitrary spin to the corresponding particle-antiparticle doublet is evident. 

Thus, for the arbitrary spin particle-antiparticle doublet the system of two N-component 
equations {ido — u)f{x) = 0 and {ido — Cj)f{x) = 0 is used. Therefore, the corresponding 
Schrodinger-Foldy equation is given by (13), where the 2N-component wave function is the 
direct sum of the particle and antiparticle wave functions, respectively. Due to the historical 
tradition of the physicists the antiparticle wave function is put in the down part of the 2N- 
column. 

The general solution of the Schrodinger-Foldy equation of motion (13) (in the case of 
particle-antiparticle arbitrary spin doublet) has the form 


f{x) = 


(27r; 


(fke 


—ikx2N 
a 


d2N, 


kx = ut — 


u = 


it + m?, 


(14) 


where the orts of the N-dimensional Cartesian basis are given in [1] by the formulae (10). 

The action of the pseudo-differential (non-local) operator cD = V—A -|- m? is explained in 

(6), (7). 

On the fundamental dynamical variables. The dynamical variable if G CM(1,3) 
(as well as the variable k G R|) represents the external degrees of freedom of the arbitrary 
spin particle-antiparticle doublet. The spin ~i' of the particle-antiparticle doublet is the hrst 
in the list of the carriers of the internal degrees of freedom. Taking into account the Pauli 
principle and the fact that experimentally an antiparticle is observed as the mirror reflection 
of a particle, the operators of the charge sign and the spin of the arbitrary particle-antiparticle 
doublet are taken in the form 


9 = -r2N = 


3 _ 
2N — 


—In 0 
0 In 


^2N — 


0 

0 -CT^nC ’ 


N = 2s + 1, (15) 


where F^n is the 2N x 2N Dirac F° matrix, ct^n is the 2N x 2N Pauli matrix, C is the operator 
of complex conjugation in the form of N x N diagonal matrix, the operator of involution in 
and In is N X N unit matrix. 

Thus, the spin is given by the generators of SU(2) algebra! 

The spin matrices ^ 2 N (15) satisfy the commutation relations 


■ j J 
*2N) '’2N 


ie 


jins 


n 

2N) 


,123 


+ 1) 


( 16 ) 


of the algebra of SU(2) group, where is the Levi-Civita tensor and = e^^"'sen are the 
Hermitian 2N x 2N matrices (15) - the generators of a 2N-dimensional reducible representation 
of the spin group SU(2) (universal covering of the SO(3)cSO(l,3) group). 

The Casimir operator for the RCQM representation of SU(2) spin given in (15) has the form 


^2N ~ + l)l2Ni 


(17) 
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where I 2 N is 2N x 2N unit matrix. 

Above in the text of this axiom the case of arbitrary spin particle-antiparticle doublet has 
been considered. For the case of arbitrary spin particle singlet the operator of the charge sign 
is absent. The spin operator is given by the Hermitian N x N matrices - the generators 
of a N-dimensional irreducible representation of the spin group SU(2). Therefore, the SU(2) 
commutation relations in such notations have the explicit form 

£^^^ = +1, (18) 

and the corresponding Casimir operator is given by 

^^ = s(s + 1)In. (19) 

The validity of these assertions is proved by numerous partial examples presented in [1]. 

On the external and internal degrees of freedom. The coordinate “af (as an operator 
in is an analog of the discrete index of generalized coordinates q = (gi, g 2 , •••) in non- 

relativistic quantum mechanics of the hnite number degrees of freedom. In other words the 
coordinate “af G CM(1,3) is the continuous carrier of the external degrees of freedom of a 
multiplet (the similar consideration was given in [66]). The coordinate operator together with 
the operator determines the operator min = xipn — XnPi of an orbital angular momentum, 
which also is connected with the external degrees of freedom. 

However, the RCQM doublet has the additional characteristics such as the spin operator 
^ (15), which is the carrier of the internal degrees of freedom of this multiplet. The set of 
generators {Pfj,,jfiu) (formulae (12), (13) in [1]) of the main dynamical variables (formulae (73) 
in [1]) of the doublet are the functions of the following basic set of 9 functionally independent 
operators 

^ 'f = (^), ^2N = (s2n) = (^ 23 , S3I, S12) . ( 20 ) 

Note that spin T^ 2 N (15) commutes both with (“af, ^) and with the operator idt — y/—^ + 
of the Schrodinger-Foldy equation (13). Thus, for the free doublet the external and internal 
degrees of freedom are independent. Therefore, 9 operators (20) in which have the uni¬ 

vocal physical sense, are the generating operators not only for the 10 V generators {Pi_i,jf_iu) 
(12), (13) of [1], but also for other operators of any experimentally observable quantities of the 
doublet. 

On the algebra of observables. Using the operators of canonically conjugated coordinate 
and momentum (where x^,p^ =i6^^, x\x^ = = 0,) in being completed 

by the operators ^ 2 N and g (15), we construct the algebra of observables as the Hermitian 
functions of 10 ( af, ^ 2 N, —T^n) generating elements of the algebra. 

On the relativistic invariance of the theory. The main assertions of this axiom are 
considered already in section 2 of [Ij. Recall briefly that the relativistic invariance of the RCQM 
(implementation of the special relativity) is ensured by the proof of the invariance of the 
Schrodinger-Foldy equation (13) with respect to the unitary representation of the universal 
covering V D £=SL(2,C) of the proper ortochronous Poincare group P1,_ = T(4 )x)L1^ D L)(_ 
(here C = SL(2,C) is the universal covering of proper ortochronous Lorentz group L),^). Another 
important assertion of [1] is the possibility to use the non-covariant objects and non-covariant 
Poincare generators. Not a matter of fact that non-covariant objects such as the Lebesgue 
measure d^x and non-covariant generators of algebras are explored, the model of RCQM of 
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arbitrary spin is a relativistic invariant. The three step proof of this assertion is given in section 
2 of [1] as well. 

In addition to [1] note that together with the generators (12), (13) of [1] another set of 
10 operators commutes with the operator of equation (13), satishes the commutation relations 
((11) of [1]) of the Lie algebra of Poincare group V, and, therefore, can be chosen as the Poincare 
symmetry of the model under consideration. This second set is given by the generators fP, fP 
from (12) in [1] together with the orbital parts of the generators from (13) in [1]. Thus, 

this second set of Poincare generators is given by 


Po=Q = V-A + m?, pe = idi, men = xePn - XnPe, moe = -meo = tpe - - {xe, Q] . (21) 

Note that in the case s=0 only generators (21) form the Poincare symmetry. 

Next comment to the consideration of [1] is as follows. The expression 

_ .... ^ 

(a, w) (a, w) = exp(-m% - (22) 

((14) in [1]) is well known, but rather formal. In fact the transition from a Lie algebra to a 
hnite group transformations in the case of non-Lie operators is a rather non-trivial action. The 
mathematical justihcation of (22) can be fulhlled in the framework of Schwartz test function 
space and will be given in next special publication. 

Note that the modern dehnition of V invariance (or V symmetry) of the equation of motion 
(13) in is given by the following assertion, see, e. g. [67]. The set F = {/} of all possible 
solutions of the equation (13) is invariant with respect to the -representation of the group V, 
if for arbitrary solution f and arbitrarily-fixed parameters (a,zu) the assertion 

(a, w)^U (a, w) {/} = {/} = F (23) 

is valid. 

On the dynamic and kinematic aspects of the relativistic invariance. Consider 
briefly some detalizations of the relativistic invariance of the Schrodinger-Foldy equation (13). 
Note that for the free particle-antiparticle doublet of arbitrary spin the equation (13) has one 
and the same explicit form in arbitrary-hxed IFR (its set of solutions is one and the same in 
every IFR). Therefore, the algebra of observables and the conservation laws (as the functionals 
of the free particle-antiparticle doublet states) have one and the same form too. This assertion 
explains the dynamical sense of the V invariance (the invariance with respect to the dynamical 
symmetry group V). 

Another, kinematical, aspect of the V invariance of the RQCM model has the followi¬ 
ng physical sense. Note at hrst that any solution of the Schrodinger-Foldy equation (13) is 
determined by the concrete given set of the amplitudes {A}. It means that if / with the fixed 
set of amplitudes {A} is the state of the doublet in some arbitrary IFR, then for the observer 
in the (a, ccj)- transformed IFR' this state /' is determined by the amplitudes {A'}. The last 
ones are received from the given {A} by the unitary -transformation (22). 

On the Clifford—Dirac algebra. This axiom is additional and is not necessary. Nevertheless, 
such axiom is very useful for the dimensions, where the F matrices exist. 

Application of the Clifford-Dirac algebra is the useful method of calculations in RCQM. 
Three different dehnitions of the Clifford algebra and their equivalence are considered in [68]. 
In different approaches to the relativistic quantum mechanics the matrix representation of the 
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Clifford algebra in terms of the Dirac gamma matrices is used. This representation is called the 
Clifford-Dirac algebra. 

For our purposes the anticommutation relations of the Clifford-Dirac algebra generators are 
taken in the general form 

= 2/“’; ^^ = 0:4, (/'’) = (+-), (24) 

where F^^ are the 2N x 2N Dirac F^ matrices (2N x 2N generalization of the Dirac 4 x 47 
matrices), F^^ = Here and in our publications (see, e. g. the last years articles 

[69-73]) we use the 7 ^ = 7 ° 7 ^ 7 ^ 7 ^ matrix instead of the 7 ^ matrix of other authors. Our 7 ^ is 
equal to *7standard- Notatiou 7 ^ is used in [69-73] for a completely different matrix 7 ^ = 7 ^ 7 ^C'. 
As well as the element of the algebra 7 ^ = 7 ° 7 ^ 7 ^ 7 ^ is dependent the algebra basis is formed 
by 4=1+3 independent elements. Therefore, such Clifford algebra over the held of complex 
numbers is denoted Cl^(l,3) and the dimension of the algebra is 2 ^ = 16. 

Note that relations (24) are valid only for the dimensions, where the F 2 N are dehned (where 
the matrix representation of the Clifford algebra exists). Therefore, the relations (24) can be 
useful not for all multiplets of RCQM. Nevertheless, existing relations (24) are very useful in 
order to operate with spins, with standard FW transformation and in order to formulate the 
FW transformation generalizations for the dimensions 2(2s+l)>4. 

It has been explained in [1] (and in [69-73] in details) that the Clifford-Dirac algebra should 
be introduced into consideration in the FW representation [4] of the spinor held. The reasons 
are as follows. Part of the Clihord-Dirac algebra operators are directly related to the spin 1/2 
doublet operators (s^ = ^ 7 ^ 7 ^, = ^ 7 ^ 7 ^, = ^ 7 ^ 7 ^) (in the anti-Hermitian form). In the 

FW representation for the spinor held [4] these spin operators commute with the Hamiltonian 
and with the operator of the FW equation of motion In the Pauli-Dirac representation 

these operators do not commute with the Dirac equation operator. Only the sums of the orbital 
operators and such spin operators commute with the Diracian. So if we want to relate the arts 
7 ^ of the Clifford-Dirac algebra with the actual spin we must introduce this algebra into the 
FW representation. 

Here in general N dimensional formalism of RCQM the situation is similar. The anti¬ 
commutation relations of the Clihord-Dirac algebra generators (24) and corresponding P 2 N 
matrices must be introduced in the FW representation. Therefore, in order to apply (24) in 
RCQM one must transform the F 2 N matrices from the FW representation into the RCQM 
representation. Corresponding operator transformation is given by 

) '^ 2 N = 'y 2 N'y 2 N = I 2 N, N = 2s + 1, (25) 

where CIn is the N x N operator of complex conjugation. Indeed, the operator (25) translates 
any operator from canonical held FW representation into the RCQM representation and vice 
versa: 


In 0 
0 CIn 


Herm^, r;anti—Herm A;anti—Herm^, r;anti—Herm 

V2J<S(lcf WN — Qqm ) ^2N5'qm ^2N — Qcf • 

Here is an arbitrary operator from the RCQM of the 2N-component particle-antiparticle 

doublet in the anti-Hermitian form, e. g., the operator ((9o + icD) of equation of motion (13), the 
operator of spin ^2N (15) taken in anti-Hermitian form, etc., is an arbitrary operator 
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from the canonical field theory of the 2N-component particle-antiparticle donblet in the anti- 
Hermitian form. Thns, the only warning is that operators here must be taken in anti-Hermitian 
form, see section 9 in [1] for the details and see [74, 75] for the mathematical correctness of 
anti-Hermitian operators application. 

Further, the operator (25) translates 


<t> — V2Nf, f — 'i'2N0, 

the solution (14) of the Schrodinger-Foldy equation (13) into the solution 


(pix) = 


^ ^ ’ F—„N/“Ttx , ikx „*N / d\ 


(27r 


d-^k 


A; )dN + e*'^"a*^( A; )d 


N 


N = 1, 2,..., N, N = N -|- 1, N -|- 2,..., 2N, of the FW equation 


{ido F2n<^)0(2^) — 0, F 2 N — ~ 


In 0 
0 —In 


uj = y/—A + m?, N = 2s -|- 1, and vice versa. 

Thus, the transformation (25), (26) translates the matrices F^n and 


2N — 


Si 


N 


0 


0 


, J = 1,2,3, 


(27) 


(28) 


(29) 


(30) 


into the RCQM representation 


r2N — 'i'2Nr2N'i^2N, (31) 

where matrices F^n satisfy the anticommutation relations 

f + f ^Nf L = 2/"; p,z/ = o;4, (0 = (+-), (32) 

of the Clifford-Dirac algebra generators as well. In (30) S-J^ are the N x N Pauli matrices. The 
explicit forms of the RCQM representation of the F^n matrices are given by 


pO _ pO pi _ pi p2 _ pO p2 ^ p3 _ p3 p4 _ pO p4 ^ fQQ) 

^ 2N — ^ 2N? ^ 2N — ^ 2N^ ? ^ 2N ” ^ 2N^ 2N^ 7 ^ 2N — ^ 2N^ ? ^ 2N ” ^ 2N^ 2N^ 7 

where C is the 2N x 2N operator of complex conjugation and matrices F^n are given in (29), 
(30). 

Note that in the terms of F^n matrices (33) the RCQM spin operator (15) has the form 

^ = 2^^2Nf2N, f^Nf^N, r^Nf^N)- (34) 

Note further that formula (34) is valid for the multiplets of arbitrary dimension but only for 
the spin s=l/2, whereas the formula (15) is valid for arbitrary spin. Furthermore, the complete 
analogy between the (34) and the particle-antiparticle spin s=l/2 doublet of arbitrary dimension 
in the FW representation exists 


_ fr2 p3 p3 pi pi p 

* FW — 2 H 2N-'- 2N, 2N-'- 2N, 2N-'- 


2 1 
2NJ 


(35) 
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It is very useful to consider a wider then Cl^(l,3) Clifford-Dirac algebra. In [69-73] such 
additional algebras have been introduced for the purposes of hnding links between the fermionic 
and bosonic states of the spinor held. New algebra can be formed by the generators of Cl^(l,3) 
together with the generators of the Pauli-Gursey-Ibragimov algebra [76-78]. 

The main structure elements of such set are given by (7°, 7^, 7^, 7^, i, GG), where 7^ are 4x4 
Dirac matrices in standard representation. It is easy to see that simplest set of the Clifford-Dirac 
algebra generators can be constructed from these elements in the form (*7°, f7^, 7^, iC\i) 

Therefore, the 2N x 2N matrix generators of the corresponding Clifford-Dirac algebra over the 
held of real numbers can be found by the simple redehnition 


f 1 = 

i 2 N — ‘J- 2 N) 


r2 = ,-r3 
i 2 N — tJ- 2 N) 


r2N = <5l2N, 


r^N = fCl2N, 


i 2 N — ‘J- 2 N) 


2 N — 


2 N) 


(36) 


of the matrices (iT^NCr^N) CI2 nC^I 2 n), where T^n are given in (29), (30). 

Matrices (36) together with the matrix T^n = r^NT^Nr^Nr^Nf^Nr^N = satisfy the 
anticommutation relations of the Clihord-Dirac algebra generators in the form 

+ = A,B = T7f, (/") = (+ + + +-). (37) 

As well as in (24) among the generators of (37) only the 4+2=6 matrices (36) are independent 
and form the basis of the algebra. Therefore, the found above algebra over the held of real 
numbers is dehned as Cl^(4,2) and the dimension of this algebra is 2® = 64. 

Useful realization of (36), (37) is given in terms of completely anti-Hermitian generators 


("rl p2 p3 p4 _ pO pi p2 p3 p5 _ pi p3 + p6 _ -pi r3 + p7 _ -pO \ 

I-*- 2N) 2N) 2N) 2N ~ 2N-'- 2N-'- 2N-'- 2N) 2N ~ 2N-'- 2N'^ ) 2N ~ 2N-'- 2N'^) 2N ~ 2Nj ) 

(38) 

where matrices {F^n} are givem in (29), (30). Matrices (38) obey the anticommutation relations 
of 64 dimensional Cl^(0,6) algebra in the form 


r^Nr?N + r?Nr^N = -2<5^^ a,b = i,7. ( 39) 

Note that here as well only 6 operators are independent generators; F^n = —^F^Nr^NriNriN- 
Operators (38) generate also the 28 orts = 2s^®: 


„AB _ r„AB _ IrpA pB I AS _ _„ 8 A _ ^pA i A p _ i . 

* — l* — ^ h 2N+2NJ) * ~ * ~2'^2NJ) 2^,13— i,' 

where generators satisfy the commutation relations of SO(8) algebra 


(40) 


jAB ^CDi _ ^AC„BD , xCB „DA , xBD „AC , xDA „CB 


+ 5^ 


+ 5' 


+ 5" 


(41) 


Of course, the algebra SO(8) is considered over the held of real numbers. 

As the consequences of the equalities 

tjn= n Fn ^ n r?,,=-I, ( 42 ) 

/1=0 /2=0 

known from the standard Clihord-Dirac algebra Cl^(l,3), and the anticommutation relations 
(39), in Cl^(0,6) algebra for the matrices F^j^ (38) the following extended equalities are valid: 
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(43) 


rL = - n r4 ^ n r^N = i. 

A=1 A=1 

The relationship (40) between the Clifford-Dirac algebra Cl^(0,6) and algebra SO( 8 ) is 
similar to the relationship between the standard Clifford-Dirac algebra Cl^(l,3) and algebra 
SO(3,3) found in [79, 80]; for the relationship between Cl^(l,3) and SO(l,5) see in [69-73]. 

Note that subalgebra SO(6)cSO(8) is the algebra of invariance of the Dirac equation in the 
FW representation [4, 5]. The 16 elements of this SO(6) algebra are given by 


{l, , A,B = 1,6, 

where 


(44) 


Now only the hrst 6 matrices 



(45) 


{r|,} = ( 46 ) 

from the set (38) play the role of generating operators in the constructions (45), (46). 

The maximal pure matrix algebra of invariance of the FW equation (29) is the 32 dimensional 
algebra SO( 6 )©iF 2 N-SO( 6 )©iF 2 N- 

The additional possibilities, which are open by the 29 orts of the algebra SO ( 8 ) in comparison 
with 16 orts of the well-known algebra SO(l,5), are principal in description of the Bose states 
in the framework of the Dirac theory [69-73]. The algebra SO( 8 ) includes two independent 
spin s=l/2 SU(2) subalgebras (s^ = IF^nF^n, = ^F^nF^n, = ^F^^F^n) and (s^ = 
|F 2 nF 2 N; = IT^nFIn, = |F|j.^F 2 n) (iu the anti-Hermitian form), whereas the SO(l,5) 
algebra includes only one set of SU(2) generators given by the elements (s^ = IF^nF^n, = 
|F 2 nF 2 N; = |F 2 nF 2 n)- Moreover, the algebra SO( 6 ), which is the algebra of invariance of the 
FW equation (29), includes these two independent SU(2) subalgebras as well. As long as these 
two spin s=l/2 SU(2) sets of generators commute between each other, their combination gives 
the generators of spin s=l representation of SU(2) algebra. Such SU(2) algebra is the building 
element in construction of spin s=l Lorentz and Poincare algebras, with respect to which the 
FW equation (29) is invariant. 

The transition to the RCQM is given by the transformation (25), (26). Thus, in the quantum- 
mechanical representation the 7 F matrices (38) (in the terms of standard F^^ matrices (29), 
(30)) have the form (33) together with 


p5 — pi p3 
2N — J- 0 


2N-*- 2N 




F® = 

2N — 


2N-'- 2N'-") 


F2N — q 


'y ^ ^ ^ ^ ^ ^ 


= 14 . 


(47) 


and satisfy the anticommutation relations of the Clifford-Dirac algebra Cl^(0,6) representation 
in the following form 


pA pB I pB pA _ o cAB 

2N-'- 2N “T 2N-*- 2N “ 5 


A,B 


1,7. 


The RCQM representation of the algebra SO( 8 ) is given by 




= ^ ©pA 

L 4^ 


pB 

2N) 2NJ 


©8 


= —s 


8A 


— -F^ 1 

— 2^ 2N/) 


A,B = 1, 


(48) 


(49) 


15 



where the matrices F^j,^ are given in (33), (47) and generators satisfy the commutation 
relations 


= <5AC^BD ^ ^CB-DA ^ ^BD-AC ^ ^DA-CB_ 
The RCQM representation of the algebra SO(6)cSO(8) is given by 

{l, , A, B = T;6, 

where 


(50) 


(51) 



(52) 


The maximal pure matrix algebra of invariance of the Schrodinger-Foldy equation (13) is 
the 32 dimensional algebra a 32 =SO( 6 )©i-SO( 6 )©i. 

In the RCQM representation two independent sets of generators of SU(2) subalgebra of 
SO( 6 ) algebra, with respect to which the Schrodinger-Foldy equation (13) is invariant, have 
the form 


s 


1 


-1 

s 


^ p2 p3 -2 — pi -3 — ^pl p2 

2''-2N-‘-2N) * — 2-^ 2N-‘-2N) * — 2N-'-2N) 


IpS F 

2ioM 


6 

2N-^ 2N) 


-2 _ lp6 p4 X — ^p4 p5 
* — 2 ^ 2N-'- 2Ni * ~ 


(53) 

(54) 


where the matrices are given in (33), (47). The situation here is similar to the FW 
representation. As long as these two spin s=l/2 SU(2) sets of generators commute between 
each other, their combination gives the generators of spin s=l representation of SU(2) algebra. 
Such SU(2) algebra is the building element in construction of spin s=l Lorentz and Poincare 
algebras, with respect to which the Schrodinger-Foldy equation (13) is invariant. 

The partial case of 4 component formalism and 4 x 47 niatrices algebra follows from the 
above given consideration after corresponding substitutions 2N=4, etc. The improved consi¬ 
deration of this axiom in [ 1 ] for the spin 1/2 particle-antiparticle doublet should be taken from 
the text above as the corresponding particular case. 

An important fact is that in Pauli-Dirac representation the 32 dimensional algebra SO( 6 )© 
iF 2 N ■ SO( 6 ) © fF 2 N still is the algebra of invariance of the Dirac equation (or 2N component 
Dirac-like equation). The only difference is that in Pauli-Dirac representation the operators 
s—- and gamma matrices F^ are not pure matrix. They are the nonlocal pseudo-differential 
operators, which contain the operator u = \/—A + m?. For the standard 4 component Dirac 
equation the corresponding gamma matrices are given by (18)-(22) in [73]. 

Another interesting fact is that operator of the Dirac equation with Hamiltonian H = 
7 ° + 7 °m —e^/ | af | commutes with all 32 generators of the SO( 6 )©i 7 °-SO( 6 )©i 7 ° algebra, 

which elements are given in terms of gamma matrices from (18)-(22) in [73]. Therefore, the 
relativistic hydrogen atom has wide additional symmetries given by the 31 nontrivial generators 
from SO( 6 ) © iy® ■ SO( 6 ) © iy®. Moreover, the relativistic hydrogen atom has additional spin 
1 symmetries, which for the free Dirac equation are known from [69-73] and which are the 
consequences of the algebra SO( 6 ) © fy^ ■ SO( 6 ) © fy°. 

Note that consideration of this axiom above is given as the simple generalization of the 
correct spin 1/2 particle-antiparticle doublet formalism. In reality the dimensions of Clifford- 
Dirac (and SO(n)) algebras for the higher spin cases 2(2s+l)>8 can be more higher then 
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considered above 64 dimensional Cl^(4,2) and Cl^(0,6) algebras (and SO(8) algebra). The 
reason of this situation is the possibility to construct for 2(2s+l)>8 cases the additional T 
matrices obeying the Clifford-Dirac anticommutation relations. The concrete examples of such 
additional T matrices can be found in [81, 82]. 

On the main and additional conservation laws. Similarly to the nonrelativistic quantum 
mechanics the conservation laws are found in the form of quantum-mechanical mean values of 
the operators, which commute with the operator of the equation of motion. 

The important physical consequence of the assertion about the relativistic invariance is the 
fact that 10 integral dynamical variables of the doublet 

{P/,, = j d^xf\t,^){p^, jt^u)f{t,^) = Const (55) 

do not depend on time, i. e. they are the constants of motion for this doublet. In (55) and below 
in the text of this axiom the wave function is chosen as (4) and generators {p^, j^,f) are given 
in (12), (13) of [Ij. 

Note that the external and internal degrees of freedom for the free arbitrary spin particle- 
antiparticle doublet are independent. Therefore, the operator ^ (15) commutes not only with 
the operators “af, but also with the orbital part rhfj^y of the total angular momentum operator. 
And both operators ^ and fh^y commute with the operator idt — V—A -|- m? of the equation 
(13). Therefore, besides the 10 main (consequences of the 10 Poincare generators) conservation 
laws (55), 12 additional constants of motion exist for the free arbitrary spin particle-antiparticle 
doublet. These additional conservation laws are the consequences of the operators of the followi¬ 
ng observables (index 2N is omitted); 


Sj , 


^inPn 

u -\- 


mtn = - XnPc, mot = -mjo = tpe - , 


(56) 


part of which are given and explained in (21). Here Sj = S£n are given in (15). 

Thus, the following assertions can be proved. In the space = {A} of the quantum- 
mechanical amplitudes the 10 main conservation laws (55) have the form 


(Px,JxO = j <rkA\t)(p^,j^)A(t), A{t) 


where the density generators of V^, from (57) are given by 


Ht) 




(57) 


Po Po ^7 Pt Pi x^kfi Xfiki "h (xi 



(58) 


Joe 


{xe,uj} - {se = 


n > 

u m' 


(59) 


In the formula (57) A{k) is a 2N-column of amplitudes. 

Note that the operators (57)-(59) satisfy the Poincare commutation relations in the mani¬ 
festly covariant form (11). 

It is evident that the 12 additional conservation laws 
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Sin, Si) = j d^xp{t,^){m^u, Sin, Si)f{t,^) (60) 

generated by the operators (56), are the separate terms in the expressions (57)-(59) of principal 
(main) conservation laws. 

The 22 above given conservation laws are valid for an arbitrary spin (in the case s=0 we 
have only 10 conservation laws generated by operators ( 21 )). 

Additional set of conservation laws is given by 32 quantities 

(A32) = J d^xf{t,lt){a32)f{t,l^) = Const, ( 61 ) 

or in terms of quantum-mechanical amplitudes 


(A32) = j d^kA\'t) (8.32) A(t). ( 62 ) 

Here (§ 32 ) are the pure matrix generators of the algebra a 32 =SO( 6 )©i-SO( 6 )©i. 

In the case of spin s=l/2 the conservation law of spin is given twice: in the set (60) and in 
the set (62). For cases s>l/2 the sets (60) and (62) are completely different. 

On the stationary complete sets of operators. Let us consider now the outstanding 
role of the different complete sets of operators from the algebra of observables As. If one does 
not appeal to the complete sets of operators, then the solutions of the the Schrodinger-Foldy 
equation (13) are linked directly only with the Sturm-Liouville problem for the energy operator 
(5). In this case one comes to so-called "degeneration"of solutions. Recall that for an arbitrary 
complete sets of operators the notion of degeneration is absent in the Sturm-Liouville problem 
(see, e.g., [65]); only one state vector corresponds to any one point of the common spectrum 
of a complete set of operators. To wit, for a complete set of operators there is a one to one 
correspondence between any point of the common spectrum and an eigenvector. 

The stationary complete sets play the special role among the complete sets of operators. 
Recall that the stationary complete set is the set of all functionally independent mutually 
commuting operators, each of which commutes with the operator of energy (in our case with 
the operator (5)). The examples of the stationary complete sets in are given by (^, Sz = 
S')) ~^ 2 N ■ ^, g), ets; g is the charge sign operator. The set {it, Sz, g) is an example 

of non-stationary complete set. The “af-realization (10) of the space and of quantum- 

mechanical Schrodinger-Foldy equation (13) are related just to this complete set. 

For the goals of this paper the stationary complete set (^, Sz = g) is chosen. The series 
of partial examples of equations on eigenvectors and eigenvalues for this stationary complete 
set is given in [Ij. Consider here as an example the spin s=l/2 particle-antiparticle doublet 
case. Corresponding equations on eigenvectors and eigenvalues are given by 


= U e-*'^^d«, a = 1, 2, 3,4, 


1 1 11 
s di = rdi’ "’dz = -rdj, S^ds = --ds, s’d4 = -di, 


(63) 

(64) 


(?di ^ -di, <jA2 = -d 2 , yds ^ ds, yds ^ ds, (65) 

where the Cartesian orts {do,} are given in [1] in the formulae (42). 
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Comparison of the given in equations (64) spin s=l/2 case with the spin s=2 case ((194) 
in [1]) shows that the general form is out of clear visualization. Thus, the appealing to such 
general form is absent here. 

The interpretation of the amplitudes in the general solution (14) follows from equations of 
(63)-(65) type for the hxed value of arbitrary spin. In general, the functions a^'^( k ) are the 
quantum-mechanical momentum-spin amplitudes. Thus, the hrst half of functions a^'^( k ) is 
the momentum-spin amplitudes of the particle (e. g., electron) with the momentum sign of 
the charge (—e) and corresponding spin projections (for the electron, e. g., 1, —|), respectively. 
Further, the second (bottom) half of functions a^^{k) is the momentum-spin amplitudes of 
the antiparticle (e. g., positron) with the momentum sign of the charge (+e) and opposite 
spin projections (for the positron, e. g., —|), respectively. 

Thus, the conclusion about the fermionic (or bosonic) spin features of the solution (14) 
(i. e. the interpretation of the solution (14)) follows from the equations on eigenvectors and 
eigenvalues (of (63)-(65) type) and the above given interpretation of the amplitudes. 

On the solutions of the Schrodinger-Foldy equation. Let us consider the Schrodinger- 
Foldy equation (13) general solution related to the stationary complete sets (‘^, = s^, g), 

where is given in (15). The fundamental solutions of the equation (13), which are the eigen 
solutions of this stationary complete sets, are given by the relativistic de Broglie waves: 

W2n(*. (“> 

(27r) 2 

where d 2 N are the orts of 2N dimensional Cartesian basis (the Cartesian orts are the common 
eigenvectors for the operators (s^, g)). 

Vectors (66) are the generalized solutions of the equation (13). These solutions do not belong 
to the quantum-mechanical space i. e. they are not realized in the nature. Nevertheless, 

the solutions (66) are the complete orthonormalized orts in the rigged Hilbert space C 
H3,2N ^ g3,2N* symbolic form the conditions of orthonormalisation and completeness are 
given by 


/ (67) 

„ 2N 

/ d^k ^ ^') = ( 5 (^ - ^')<^/ 3 / 3 '- ( 68 ) 

0=1 

The functional forms of these conditions are omitted because of their bulkiness. 

In the rigged Hilbert space C H^’^^ C an arbitrary solution of the equation 

(13) can be decomposed in terms of fundamental solutions (66). Furthermore, for the solutions 
/ G C H^’^^ the expansion (14) is, (i) mathematically well-dehned in the framework of the 
standard differential and integral calculus, (ii) if in the expansion (14) a state / G C 
then the amplitudes a^^( k ) in (14) belong to the set of the Schwartz test functions over 
R|. Therefore, they have the unambiguous physical sense of the amplitudes of probability 

distributions over the eigen values of the stationary complete sets (^, g). Moreover, the 

complete set of quantum-mechanical amplitudes unanAiguously determine the corresponding 
representation of the space H^’^^ (in this case it is the {k , Sz, 5 ')-representation), which vectors 
have the harmonic time dependence 
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(69) 


a}{k) 

a^(t) 

e-'"M(¥), A(k) = 

i. e. are the states with the positive sign of the energy uj. 

The similar assertion is valid for the expansions of the states / G over the basis states, 
which are the eigenvectors of an arbitrary stationary complete sets. Therefore, the corresponding 
representation of the space which is related to such expansions, is often called as the 

generalized Fourier transformation. 

By the way, the “af-realization (10) of the states space is associated with the non-stationary 
complete set of operators (if, g). Therefore, the amplitudes = 

17(t)/(0, if) of the probability distribution over the eigen values of this complete set depend 
on time t non-harmonically. 

The axiom on the mean value of the operators of observables. Note that any 
apparatus can not fulhll the absolutely precise measurement of a value of the physical quantity 
having continuous spectrum. Therefore, the customary quantum-mechanical axiom about the 
possibility of "precise"measurement, for example, of the coordinate (or another quantity with 
the continuous spectrum), which is usually associated with the corresponding "reduction"of 
the wave-packet, can be revisited. This assertion for the values with the continuous spectrum 
can be replaced by the axiom that only the mean value of the operator of observable (or the 
corresponding complete set of observables) is the experimentally observed for V/ G Such 
axiom, without any loss of generality of consideration, unambiguously justihes the using of 
the subspace C as an approximative space of the physically realizable states of the 
considered object. This axiom as well does not enforce the application of the conception of the 
ray in (the set of the vectors e*"/ with an arbitrary-hxed real number a) as the state of the 
object. Therefore, the mapping (a, zu) U{a, zu) in the formula (22) for the ^-representations 

in g3,N ^ h3,N 

is an unambiguous. Such axiom actually removes the problem of the wave 
packet "reduction which discussion started from the well-known von Neumann monograph [36]. 
Therefore, the subjects of the discussions of all "paradoxes"of quantum mechanics, a lot of 
attention to which was paid in the past century, are removed also. 

The important conclusion about the RCQM is as follows. The consideration of all aspects of 
this model is given on the basis of using only such conceptions and quantities, which have the 
direct relation to the experimentally observable physical quantities of this "elementary"physical 
system. 

On the principles of heredity and the correspondence. The explicit forms (55) (60) 
of the main and additional conservation laws demonstrate evidently that the model of RCQM 
satishes the principles of the heredity and the correspondence with the non-relativistic classical 
and quantum theories. The deep analogy between RCQM and these theories for the physical 
system with the hnite number degrees of freedom (where the values of the free dynamical 
conserved quantities are additive) is also evident. 

Our new way of the Dirac equation derivation (section 9 in [1]) has been started from the 
RCQM of the spin s=(l/2,l/2) particle-antiparticle doublet. 

On the second quantization. This axiom is external (not internal) in the RCQM. It is 
necessary for quantum held theory. The formalism of RCQM is complete without this axiom. 


It) = 
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The reader can see the brief consideration in [1] (section 8) in the example of spin s=(l/2,l/2) 
particle-antiparticle donblet. 

On the physical interpretation. The physical interpretation always is the hnal step in 
the arbitrary model of the physical reality formulation. In the beginning of the interpretation 
is better to recall the different formulations of the quantum theory collected, e. g., in [83]. 

The above considered model of physical reality is called the canonical quantum mechani¬ 
cs due to the principles of the heredity and correspondence with nonrelativistic Schrodinger 
quantum mechanics [36]. 

The above considered canonical quantum mechanics is called the relativistic canonical 
quantum mechanics due to its invariance with respect to the corresponding representations 
of the Poincare group V. 

The above considered RCQM describes the spin (s,s) particle-antiparticle doublet due to 
the corresponding eigenvalues in the equations like (63)-(65) for the stationary complete set of 
operators and the explicit forms of the Casimir operators ((15), (16) in [1]) of the corresponding 
Poincare group V representation, with respect to which the dynamical equation of motion is 
invariant. 

The axioms of this section eventually need to be reconciled with three levels of description 
used in this paper; RCQM, canonical FW and Dirac models. Nevertheless, this interesting 
problem cannot be considered in few pages. The readers of this paper can compare the axioms of 
RCQM given above with the main principles of the Dirac model given in B. Thaller’s monograph 
[84] on the high mathematical level. 

Section 7. General description of the arbitrary spin field theory 


The step by step consideration of the different partial examples in [1] (sections 21-27) 
enabled us to rewrite them in the general form, which is valid for arbitrary spin. Therefore, the 
generalization of the consideration given in [1] leads to the general formalism of the arbitrary 
spin helds. 

The formalism presented below in this section is valid for an arbitrary particle-antiparticle 
multiplet in general and for the particle-antiparticle doublet in particular. 

The canonical (FW type) model of the arbitrary spin particle-antiparticle field. 

The operator, which transform the RCQM of the arbitrary spin particle-antiparticle multi¬ 
plet into the corresponding canonical particle-antiparticle held, is given by (25). As it is explai¬ 
ned already in section 7 above (axiom on the Clifford-Dirac algebra) the transition with the 
help of the operator (25) is possible for the anti-Hermitian operators. 

The formulas mentioned below are found from the corresponding formulas of RCQM with 
the help of the operator (25) on the basis of its properties (26), (27). For the general form 
of arbitrary spin canonical particle-antiparticle held the equation of motion of the FW type 
is given by (29). The general solution has the form (28), where a^{k) are the quantum- 
mechanical momentum-spin amplitudes of the particle and a^{k) are the quantum-mechanical 
momentum-spin amplitudes of the antiparticle, {d} is 2N-component Cartesian basis. 

The spin operator, which follows from (15), has the form 


V _ 0 

0 ’ 


N = 2s + 1, 


(70) 


where ^n are N x N generators of arbitrary spin irreducible representations of SU(2) algebra, 
which satisfy the commutation relations (18). 
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The generators of the reducible unitary representation of the Poincare group V, with respect 
to which the canonical held equation (29) and the set {0} of its solutions (28) are invariant, 
are given by 


= P^nV-A + m2, f = -ide, 


J0£ ^ _j£o ^ ^ope 


-pO 

2i2N 


\x\Cj^ + P' 


(^2N X -fY 
Q + m 


(71) 

(72) 


where arbitrary spin SU(2) generators ^ 2 N = (-s^n) have the form (70), P^n is given in (29). 

Note that together with the generators (71), (72) another set of 10 operators commutes 
with the operator of equation (29), satishes the commutation relations (11) of the Lie algebra 
of Poincare group P, and, therefore, can be chosen as the Poincare symmetry of the model 
under consideration. This second set is given by the generators fp, from (71) together with 
the orbital parts of the generators from (71), (72), respectively. 

The calculation of the Casimir operators W = {w^ is the Pauli-Lubanski 

pseudovector) for the hxed value of spin completes the brief description of the model. 

The locally covariant model of the arbitrary spin particle-antiparticle field. 

The operator, which transform the canonical (FW type) model of the arbitrary spin particle- 
antiparticle held into the corresponding locally covariant particle-antiparticle held, is the generali¬ 
zed FW operator and is given by 


^ ^ ^ ^ N = 2s + 1, (73) 

J2Q{Q + m) 

where F^^ are known from (30) and are the N x N Pauli matrices. 

Of course, for the matrices F^n (29), (30) (together with the matrix F^n = F^nF^nF^^F^n) 
the relations (24) are valid. 

Note that in formulas (73) and in all formulas before the end of the section the values of 
N are only even. Therefore, the canonical held equation (29) describes the larger number of 
multiplets then the generalized Dirac equation (74) given below. 

The formulas (74)-(79) below are found from the corresponding formulas (28), (29), (70)- 
(72) of canonical held model on the basis of the operator (73). 

For the general form of arbitrary spin locally covariant particle-antiparticle held the Dirac- 
like equation of motion follows from the equation (29) after the transformation (73) and is given 
by 



F2n(^ 2N ■ -h m)] 0(a;) 


0 . 


(74) 


The general solution has the form 


%Ij{x) = V 0(a;) 



£k 


e 


■ikx N 
CL 




(75) 


where amplitudes and notation N are the same as in (28); |v)!^('^), vt('^)| are 2N-component 
Dirac basis spinors with properties of orthonormalisation and completeness similar to 4-component 
Dirac spinors from [85]. 
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The spin operator is given by 




(76) 


where operator T^ 2 N is known from (70). The explicit forms of few partial cases of spin operators 
(76) are given in formulae (259)-(261), (284)-(286), (359) of [1] for the particle-antiparticle 
multiplets s=(l,0,1,0), s=(3/2,3/2), s=(2,1,2,1), respectively. 

The generators of the reducible unitary representation of the Poincare group V, with respect 
to which the covariant held equation (74) and the set {ip} of its solutions (75) are invariant, 
have the form 


f = r°N(T^ 2 N -f + m), f = -id,, - xlf + 4" = -h 4^ (77) 


u{u + m) 

where the spin matrices = (s^) are given in (76) and the operator has the form 

fT^2N ^2N X ^■^(^2N-'^) 


afn = 


20 


0{0 + m) 20‘^{0 + m) ’ 


(79) 


where specihc spin matrices T^ 2 N given by 


) 

* 2N — * FW — \^S2N) *2N) *2N J 



pS pi 
2N-'- 2N) 



(80) 


Note that for corresponding partial cases of in [1] ((267) for s=(l,0,1,0), once more 
(267) but for s=(3/2,3/2), (333) for s=(2,0,2,0), (363) for s=(2,1,2,1)) the corresponding T^ 2 n 
are given by 


s — (1; 0,1, 0) and s — (3/2, 3/2) : _ ^Sg, Sg, Sg^ — ^ (Psks, PlTg, T^s); (81) 

for “afn [1] (267), where the Tg matrices are given in (253), 


(2, 0,2,0) : — ('^12)'^12)'^12) ~ 2('^i2Pi2! ^12^12; ^12^12); 

for “afo [1] (333), where the V 12 matrices are given in (324), 


(82) 


s= (2,1,2,1): 



(83) 


for I/d [1] (363), where the Tjg matrices are given in (353), 

It is easy to verify that the generators (77), (78) for any N commute with the operator 
of equation (74), and satisfy the commutation relations ((11) of [1]) of the Lie algebra of the 
Poincare group. The last step in the brief description of the model is the calculation of the 
Casimir operators W = {w^ is the Pauli-Lubanski pseudovector) for the hxed 

value of spin. 

The example of spin s=(0,0) particle-antiparticle doublet. 

The completeness of simplest spin multiplets and doublets consideration of [1] is achieved 
by the supplementation of this example. The formalism follows from the general formalism of 
arbitrary spin after the substitution s=0. 
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The Schrodinger-Foldy equation of RCQM is given by (13) for N=l, i. e. it is 2-component 
equation. The solution is given by (14) for N=l. The Poincare group V generators, with respect 
to which the equation (13) for s=(0,0) is invariant, are given by (12), (13) of [1] taken in the 
form of 2 X 2 matrices with spin terms equal to zero, i. e. the corresponding generators are 
given by (21). 

The corresponding FW type equation of canonical held theory is given by 


{ido — a'^Q)(j){x) = 0, 
The general solution is given by 


1 0 

0 -1 


a) = \/—A + m?. 


(t){x) 


1 

(27r)^ 


d^k 




(84) 


(85) 


The Poincare group V generators, with respect to which the equation (84) and the set {0} 
of its solutions (85) are invariant, have the form 

+ m?, ff = —idi, = x^^ — (86) 

j« = -j« = 2,v-iaqxo}. (87) 

Generators (86), (87) are the partial 2x2 matrix form of operators (71), (72) taken with the 
spin terms equal to zero. 

Additional consideration of covariant field equation for spin s=(3/2,3/2) particle- 
antiparticle doublet. 

Consider the nontrivial partial example of covariant field equation for arbitrary spin. Such 
example is given by covariant field equation for spin s=(3/2,3/2) particle-antiparticle doublet. 
This case presents the demonstrative example how new equations can be derived by the 
developed in [1] and here methods. 

Now contrary to [1] equation for spin s=3/2 is found as the simple partial case of general 
equation (74): 


ido - F8(T^ 8-^ + m)] il){x) = 0. 

Here the Fg matrices are given by 


J- c — 


I 4 0 

0 —14 


pj — 
) 8 — 


0 

0 


where are the 4 x 4 Pauli matrices 


= 


0 

0 


( 88 ) 


(89) 


(90) 


and are the standard 2x2 Pauli matrices. The matrices satisfy the similar commutation 
relations as the standard 2x2 Pauli matrices and have other similar properties. The matrices 
Fg (89) satisfy the anticommutation relations of the Clifford-Dirac algebra in the form (24) 
with N=4. 
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Note that equation (88) is not the ordinary direct sum of the two Dirac equations. Therefore, 
it is not the complex Dirac-Kahler equation [82], Moreover, it is not the standard 16 component 
Dirac-Kahler equation [86]. 

The solution of equation (88) is derived as a partial case from the solution (75) of the general 
equation (74) and is given by 


= l/g (pix) = 


(27r; 


d^k 


,-ifcx^A(-^)v-(-^) + e*^^r^C^)v+C^) 


(91) 


where A = 1,4, B = 5,8 and the 8-component spinors (va('^), Vb('^)) are given by (257) in 

[ 11 - 






The spinors (v^( k), satisfy the relations of the orthonormalization and completeness 

similar to the corresponding relations for the standard 4-component Dirac spinors, see, e. g., 

|85|, 

In the covariant local held theory, the operators of the SU(2) spin, which satisfy the 


corresponding commutation relations 


*8D) *8D 


= ie^^^'SgY) and commute with the operator 


ido — rg(T^8 ■ -|- m) of equation (88), are derived from the pure matrix operators (279) of 

1] with the help of transition operator The explicit form of the transi¬ 

tion operator is given in (249)-(251) of [Ij. The explicit form of these s=(3/2,3/2) SU(2) 
generators was given already by formulae (284)-(287) in [Ij. 

The equations on eigenvectors and eigenvalues of the operator Sg£, (286) in [1] follow from the 
equations (280) of [1] and the transformation V^“. In addition to it, the action of the operator 
SgQ (286) in [1] on the spinors (v^( k ), Vg( k )) (257) in [1] also leads to the result 


4d^i C^) 

= ivr( 


i '58D’^2 ( 


= 1^2 ( 

"t), 


t) 

= -^3 ( 

li), s|dV4 ( 

t) 

= -|V4 (t), 


3 + 

= -vJ 
2 ® 

it) 


(t) 

= 

2 

(t) 

, Sg^Vy 

(t) 

= —v7 
2 ^ 

(t), 


) = 


^ (92) 

In order to verify equations (92) the identity (a) -|- m)^ + {kY = 2a;(a; -|- m) is used. In the 
case V 3 ( /c) in the expression Sgj 3 ( k ) (286) of [1] the substitution k — k is made. 

The equations (92) determine the interpretation of the amplitudes in solution (91). Nevertheless, 
the direct quantum-mechanical interpretation of the amplitudes should be made in the framework 
of the RCQM and is already given in [1] (section 14 in paragraph after equations (183)). 

The explicit form of the P-generators of the fermionic representation of the Poincare group 
P, with respect to which the covariant equation (88) and the set {Y} of its solutions (91) 
are invariant, is derived as a partial case from the generators (77), (78). The corresponding 
generators are given by 


P — 8 


(^8-^ 


-|- m) 


f = -idi, 


_ e _ n fX , Jn _ ^In , in 

j — -^dP -^dP w *8£) — rn -t- Sgp, 


= xV-U 


^ H] 1 

Xd:P 


+ 


^(^8D X ty 
+ m) 


(93) 

(94) 


where the spin matrices ^sd = ('Ssd) given by (284)-(286) in [1] and the operator “afo has 
the form 


° 2D Q{Q + m) 2D^(D-|-m)’ 


(95) 
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with specific spin matrices given in (81). 

It is easy to verify that the generators (93), (94) with SU(2) spin (284)-(286) from [1] 
commute with the operator id^ — rg(T^s • "^ + of equation (88), satisfy the commutation 
relations ((11) of [1]) of the Lie algebra of the Poincare group and the corresponding Casimir 
operators are given by = m^Ig, W = = | (| + l) 

The conclusion that equation (88) describes the local held of fermionic particle-antiparticle 
doublet of the spin s= (3/2,3/2) and mass m > 0 (and its solution (91) is the local fermionic 
held of the above mentioned spin and nonzero mass) follows from the analysis of equations (92) 
and the above given calculation of the Casimir operators p^, W = w^w^. 

Hence, the equation (88) describes the spin s= (3/2,3/2) particle-antiparticle doublet on the 
same level, on which the standard 4-component Dirac equation describes the spin s=(l/2,l/2) 
particle-antiparticle doublet. Moreover, the external argument in the validity of such interpretati¬ 
on is the link with the corresponding RCQM of spin s=(3/2,3/2) particle-antiparticle doublet, 
where the quantum-mechanical interpretation is direct and evident. Therefore, the fermionic 
spin s=(3/2,3/2) properties of equation (88) are proved. 

Contrary to the bosonic spin s=(l,0,1,0) properties of the equation (88) found in [1] (section 
22), the fermionic spin s=(l/2,l/2,l/2,l/2) properties of this equation are evident. The fact that 
equation (88) describes the multiplet of two fermions with the spin s=l/2 and two antifermions 
with that spin can be proved much more easier then the above given consideration. The proof is 
similar to that given in the standard 4-component Dirac model. The detailed consideration can 
be found in sections 7, 9, 10 of [1]. Therefore, equation (88) has more extended property of the 
Fermi-Bose duality then the standard Dirac equation [69-73]. This equation has the property 
of the Fermi-Bose triality. The property of the Fermi-Bose triality of the manifestly covariant 
equation (88) means that this equation describes on equal level (i) the spin s=(l/2,l/2,l/2,l/2) 
multiplet of two spin s=(l/2,l/2) fermions and two spin s=(l/2,l/2) antifermions, (ii) the spin 
s=(l,0,1,0) multiplet of the vector and scalar bosons together with their antiparticles, (hi) the 
spin s=(3/2,3/2) particle-antiparticle doublet. 

It is evident that equation (88) is new in comparison with the Pauli-Fierz [47], Rarita- 
Schwinger [48] and Davydov [49] equations for the spin s=3/2 particle. Contrary to 16-component 
equations from [47-49] equation (88) is 8-component and does not need any additional condi¬ 
tion. Formally equation (88) looks like to have some similar features with the Bargman- 
Wigner equation [62] for arbitrary spin, when the spin value is taken 3/2. The transformati¬ 
on Rg^ = looks like the transformation of Pursey [63] in the case of s=3/2. 

Nevertheless, the difference is clear. The given here model is derived from the hrst principles of 
RCQM (not from the FW type representation of the canonical held theory). Our consideration 
is original and new. The link with corresponding RCQM, the proof of the symmetry properties, 
the well dehned spin operator (284)-(286) in [1], the features of the Fermi-Bose duality (triality) 
of the equation (88), the interaction with electromagnetic held and many other characteristics 
are suggested hrstly. 

Interaction, quantization and Lagrange approach in the above given spin s=(3/2,3/2) model 
are completely similar to the Dirac 4-component theory and standard quantum electrodynami¬ 
cs. For example, the Lagrange function of the system of interacting 8 component spinor and 
electromagnetic helds (in the terms of 4-vector potential A^^{x)) is given by 
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L = -mi,(x)i,(x)+qiix)ni,(x)A,(x), (96) 

where ip{x) is the independent Lagrange variable and = '^^Lg in the space of solutions {ip}. 
In Lagrangian (96) = df^A^y — is the electromagnetic field tensor in the terms of 

potentials, which play the role of variational variables in this Lagrange approach. 

Therefore, the covariant local quantum field theory model for the interacting particles with 
spin s=3/2 and photons can be constructed in complete analogy to the construction of the 
modern quantum electrodynamics. This model can be useful for the investigations of processes 
with interacting hyperons and photons. 

Section 8. Briefly on the different ways of the Dirac equation derivation 

Among the results of this paper the original method of the derivation of the standard Dirac 
and the Dirac-like equation for arbitrary spin is suggested. In order to determine the place of 
this derivation among the other known methods consider below the different ways of the Dirac 
equation derivation. 

One should note the elegant derivation given by Paul Dirac in his book [3]. Until today it 
is very interesting for the readers to feel Dirac’s way of thinking and to follow his logical steps. 
Nevertheless, the Dirac’s consideration of the Schrodinger-Foldy equation, which was essentially 
used in his derivation [3], was not correct. Especially his assertion that Schrodinger-Foldy 
equation is unsatisfactory from the point of view of the relativistic theory. Dirac’s point of view 
is considered here in section 2. Dirac’s doubts were overcome in [4, 5, 12]. Today the signihcance 
of the Schrodinger-Foldy equation is conhrmed by more then a hundred publications about FW 
(see, e. g., [29, 44, 63, 87] and the references therein) and the spinless Salpeter equations [6, 11, 
22-28, 30, 31, 33, 34], which have wide-range application in contemporary theoretical physics. 

In the well-known book [85] one can find a review of the Dirac theory and two different ways 
of the Dirac equation derivation. First, it is the presentation of the Klein-Gordon equation in 
the form of a first-order differential system of equations, factorization of the Klein-Gordon 
operator. Second, the Lagrange approach is considered and the Dirac equation is derived from 
the variational Euler-Lagrange least action principle. 

In van der Waerden-Sakurai derivation [88] of the Dirac equation the spin of the electron 
is incorporated into the nonrelativistic theory. The representation of the nonrelativistic kinetic 
energy operator of the free spin 1/2 particle in the form iL™ = (“o^ ■ '^)('d^ ■ '^)/2m and 
the relativistic expression are used. Then the procedure of transition from 

2-component to 4-component equation is fulhlled and explained. 

In the book [89] (second edition) the Dirac equation is derived from the manifestly covariant 
transformational properties of the 4-component spinor. 

The derivation of the Dirac equation from the initial geometric properties of the space-time 
and electron together with wide-range discussion of the geometric principles of the electron 
theory is the main content of the book [90]. The ideas of V. Fock and D. Iwanenko [91, 92] on 
the geometrical sense of Dirac y-matrices are the basis of the approach. 

One should point out the derivation of the Dirac equation based on the Bargman-Wigner 
classihcation of the irreducible unitary representations of the Poincare group, see e. g. [93]. 
It is an illustrative demonstration of the possibilities of the group-theoretical approach to the 
elementary particle physics. 
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In L. Foldy’s papers [4, 5, 12] one can easy find the inverse problem, in which the Dirac 
eqnation is obtained from the FW eqnation. Nevertheless, it is only the transition from one 
representation of the spinor held to another. 

H. Sallhofer [94, 95] derived the Dirac eqnation for hydrogen spectrnm starting from the 
Maxwell eqnations in medinm. Strictly speaking, only the stationary eqnations were considered. 

In [96] qnaternion measnrable processes were introdnced and the Dirac eqnation was derived 
from the Langevin eqnation associated with a two-valued process. 

The author of [97] was able to derive the Dirac equation from the conservation law of spin 
1/2 current. The requirement that this current is conserved leads to a unique determination of 
the Lorentz invariant equation satished by the relativistic spin 1/2 held. Let us briehy comment 
that the complete list of conservation laws for the Dirac theory is the Noether consequence of 
the Dirac equation. Therefore, the validity of the inverse problem is really expected. Can it be 
considered an independent derivation? 

The Dirac equation was derived [98] from the master equation of Poisson process by analytic 
continuation. The extension to the case where a particle moves in an external held was given. 
It was shown that the generalized master equation is closely related to the three-dimensional 
Dirac equation in an external held. 

In [99], a method of deriving the Dirac equation from the relativistic Newton’s second law 
was suggested. Such derivation is possible in a new formalism, which relates the special form of 
relativistic mechanics to the quantum mechanics. The author suggested a concept of a velocity 
held. At hrst, the relativistic Newton’s second law was rewritten as a held equation in terms of 
the velocity held, which directly reveals a new relationship linked to the quantum mechanics. 
After that it was shown that the Dirac equation can be derived from the held equation in a 
rigorous and consistent manner. 

A geometrical derivation of the Dirac equation, by considering a spin 1/2 particle traveling 
with the speed of light in a cubic spacetime lattice, was made in [100]. The mass of the particle 
acts to hip the multi-component wave function at the lattice sites. Starting with a diherence 
equation for the case of one spatial and one time dimensions, the authors generalize the approach 
to higher dimensions. Interactions with external electromagnetic and gravitational helds are also 
considered. Nevertheless, the idea of such derivation is based on the Dirac’s observation that the 
instantaneous velocity operators of the spin 1/2 particle (hereafter called by the generic name 
«the electron») have eigenvalues ±c. This mistake of Dirac was demonstrated and overcome in 
Ref. [4]. 

Using the mathematical tool of Hamilton’s bi-quaternions, the authors of [101] propose a 
derivation of the Dirac equation from the geodesic equation. Such derivation is given in the 
program of application of the theory of scale relativity to the purposes of microphysics at 
recovering quantum mechanics as a new non-classical mechanics on a non-derivable space-time. 

M. Evans was successful to express his equation of general relativity (generally covariant 
held equation for gravitation and electromagnetism [102]) in spinor form, thus producing the 
Dirac equation in general relativity [103]. The Dirac equation in special relativity is recovered 
in the limit of Euclidean or hat spacetime. 

More then ten years ago we already presented our own derivation of the Dirac equation 
[104-106]. The Dirac equation was derived from slightly generalized Maxwell equations with 
gradient-like current and charge densities. This form of the Maxwell equations, which is directly 
linked with the Dirac equation, is the maximally symmetrical variant of these equations. Such 
Maxwell equations are invariant with respect to a 256-dimensional algebra (the well-known 
algebra of conformal group has only 15 generators). Of course, we derived only massless Dirac 
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equation. 

In our recent papers [9, 10], and in [1], the Dirac equation has been derived from the 4- 
component Schrodinger-Foldy equation (13) of the RCQM. The starting point RCQM model 
of the spin s=(l/2,l/2) particle-antiparticle doublet has been formulated in these articles as 
well. Hence, the Dirac equation has been derived from the more fundamental model of the same 
physical reality, which is presented by the RCQM of the spin s=(l/2,l/2) particle-antiparticle 
doublet. 

In order to have a complete picture of the different ways of the Dirac equation derivations 
the references to the articles [107-109] should be given. 

In [107] the derivation of [89] was repeated together with taking into account the physical 
meaning of the negative energies and the relative intrinsic parity of the elementary particles. 
The authors believe that the derivation from [89] is improved. 

Author of [108] first determines that each eigenfunction of a bound particle is a specihc 
superposition of plane wave states that fulhlls the averaged energy relation. After that the 
Schrodinger and Dirac equations were derived as the unique conditions the wavefunction must 
satisfy at each point in order to fulhll the corresponding energy equation. The Dirac equation 
involving electromagnetic potentials has been derived. 

It has been shown recently in [109], without using the relativity principle, how the Di¬ 
rac equation in three space-dimensions emerges from the large-scale dynamics of the minimal 
nontrivial quantum cellular automaton satisfying unitarity, locality, homogeneity, and discrete 
isotropy. The Dirac equation is recovered for small wave-vector and inertial mass, whereas 
Lorentz covariance is distorted in the ultra-relativistic limit. 

Thus, a review of the different derivations of the Dirac equation demonstrates that presented 
in [1] and here method of the Dirac equation (and the Dirac-like equation for arbitrary spin) 
derivation is original and new. 

It follows from the above given consideration that new methods of the Dirac equation 
derivation are not stopped and to he continued. 

Section 9. Interaction 

This paper in general is about free non-interacting fields and particle states. Note at hrst 
that the free non-interacting helds and particle states are the physical reality of the same level 
as the interacting helds and corresponding particle states. Nevertheless, it is meant that the 
interaction between a helds can be easily introduced on the every step of consideration. One 
test model with interaction is considered in explicit form in the section 7 above. The interaction 
can not be the dehciency in these constructions and can be introduced in many places by the 
method similar to the formula (96). 

Note at hrst that the free non-interacting helds and particle states are the physical reality of 
the same level as the interacting helds and corresponding particle states. The best well-known 
example is the free Maxwell electromagnetic held in the form of free electromagnetic waves. 
Therefore, the systematic investigation of free non-interacting helds and particle states on the 
diherent levels of the relativistic canonical quantum mechanics of arbitrary spin (based on the 
Schrodinger-Foldy equation), the relativistic canonical held theory of arbitrary spin (based on 
the FW equation and its generalizations), the locally covariant held theory of arbitrary spin 
(based on the Dirac equation and its generalizations) and, moreover, the introduction of the 
operator link between these theories is some result as well and, I hope, have some independent 
signihcance. The precise free held consideration is the necessary hrst step in all consequent held 
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theory presentation, in axiomatic presentation as well. Further, it is well-known that when the 
free held models are well-dehned the interaction between them can be introduced very easy in 
well-dehned forms known from the literature. 

The free particle RCQM today is the subject of other authors considerations as well. Note 
that the wave packet solutions of the Salpeter equation and their unusual properties (rather 
recent papers [6, 32]) have been derived for the free non-interacting cases. 

Moreover, for the standard Dirac theory the interaction is given in all handbooks on the 
relativistic quantum held theory and quantum electrodynamics. Such consideration can be 
added here very easy. Nevertheless, here one typical interaction is considered already as the test 
example in order to demonstrate the way of introduction of the interaction in corresponding 
models. For the spin s= (3/2,3/2) held the interaction with electromagnetic potentials was given 
in the section 7 in the formula (96). Therefore, I had a thought that it is enough to explain the 
situation with interaction here. The interaction can not be the dehciency in these constructions 
and can be introduced in many places by the method similar to the formula (96). 

Other concrete physical ehects and the problem of description of (inter)-particle interactions 
in frames of the RCQM are described by other authors, see the references [22-32, 33, 34]. 

Section 10. Application to the discussion around the antiparticle negative mass 


The system of vertical and horizontal links between the RCQM and the held theory, which 
is proved above, has different useful applications. One of the fundamental applications is the 
participation in the discussion around the antiparticle negative mass. We emphasize that the 
model of the RCQM and the corresponding held theory do not need the appealing to the 
antiparticle negative mass concept [110-113]. It is natural due to the following reasons. 

It is only the energy which depends on the mass. And the total energy together with the 
momentum is related to the external degrees of freedom, which are common and the same for 
the particle and antiparticle (for the electron and positron). The diherence between the particle 
and the antiparticle consists only in internal degrees of freedom such as the spin and the 
sign of the charge g = — 7 '^. Thus, if in the RCQM the mass of the particle is taken positive 
then the mass of the antiparticle must be taken positive too. 

On the other hand, a comprehensive analysis [111] of the Dirac equation for the doublet had 
led the authors of Ref. [Ill] to the concept of the negative mass of the antiparticle. Therefore, 
the consideration here gives the additional arguments that the Dirac model (or the Foldy- 
Wouthuysen model related to it) is not the quantum-mechanical one. Furthermore, in the 
problem of the relativistic hydrogen atom the use of the negative-frequency part ip~{x) = 
e“*‘^*'^(-af) of the spinor 'ip{x) in the "role of the quantum-mechanical objecfis not valid. In 
this case neither nor is the probability distribution density with respect 

to the eigenvalues of the Fermi-doublet coordinate operator. It is due to the fact [4] that in the 
Dirac model the if is not the experimentally observable Fermi-doublet coordinate operator. 

The application of the RCQM can be useful for the analysis of the experimental situation 
found in Ref. [114]. Such analysis is interesting due to the fact that (as it is demonstrated here 
and in [1]) the RCQM is the most fundamental model of the particle-antiparticle doublet. 

Another interesting application of the RCQM is inspired by Ref. [115], where the quantum 
electrodynamics is reformulated in the FW representation. The author of Ref. [115] essentially 
used the result of Ref. [Ill] on the negative mass of the antiparticle. Starting from the RCQM 
we are able not to appeal to the concept of the antiparticle negative mass. 
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Section 11. Discussions and conclusions 


In the presented above text our experience [9, 10, 69-73, 104-106] in the time span 2002- 
2013 in the investigation of the spin s=l/2 and s=l helds is applied for the hrst time to the 
higher spin cases s=3/2 and s=2 (in the form of electronic preprint it has been fulhlled for the 
hrst time in [1]). Thus, our "old"papers are augmented by the list of new results for higher 
spins and generalization for arbitrary spin. Moreover, here (the start has been given in [1]) the 
system of different vertical and horizontal links between the arbitrary spin particles descriptions 
on the levels of relativistic quantum mechanics, canonical held theory (of FW type) and locally 
covariant held theory is suggested. 

Among the results of this paper the original method of derivation of the Dirac (and the 
Dirac-like equations for higher spins) is suggested (section 7). In order to determine the place 
of this derivation among the other known methods in section 8 the diherent ways of the Dirac 
equation derivation [3, 88-103, 107-109] have been reviewed. Thus, a review of the diherent 
derivations of the Dirac equation demonstrates that presented in section 7 general method 
is original and new. Here the Dirac equation is derived from the Schrodinger-Foldy equation 
(13) (in 4-component case) of the RCQM. The RCQM model of the spin s=(l/2,l/2) particle- 
antiparticle doublet has been considered in details in section 7 of [1]. Hence, the Dirac equation 
is derived in [1] and here from the more fundamental model of the same physical reality, which 
is presented by the RCQM of the spin s=(l/2,l/2) particle-antiparticle doublet. 

One of the general fundamental conclusions is as follows. It is shown by corresponding 
comparison that customary FW representation can not give the complete quantum-mechanical 
description of the relativistic particle (or particle multiplet). Compare, e. g. the equations on 
eigenvectors and eigenvalues for the third component of the spin operator in each quantum- 
mechanical and canonical held theory model here above and in [1]. It is useful also to compare 
the general solutions in RCQM and in held theory (it is enough to consider the held theory in 
FW representation). Contrary to RCQM in FW representation the general solution consists of 
positive and negative frequency parts. As a consequence contrary to RCQM in FW representati¬ 
on the energy has an indehnite sign. Hence, the complete quantum-mechanical description of 
the relativistic particle (or particle multiplet) can be given only in the framework of the RCQM. 
Therefore, the customary FW transformation is extended here to the form, which gives the link 
between the locally covariant held theory and the RCQM. Hence, such extended inverse FW 
transformation is used here to fulhll the synthesis of covariant particle equations. The start of 
such synthesis is given here from the RCQM and not from the canonical held theory in the 
representations of the Foldy-Wouthuysen type. 

Comparison of RCQM and FW representation visualizes the role of the J. von Neumann 
axiomatic [36] in this presentation. Therefore, relation of J. von Neumann axiomatic [36] to the 
overall contents of the paper is direct and unambiguous. It is shown that among the above consi¬ 
dered models only RCQM of arbitrary spin can be formulated in J. von Neumann’s axiomatic, 
whereas canonical and covariant held theories can not be formulated in its framework. 

The new operator links V2n = , N = 2s -|- 1, found here between the RCQM of 

U CIn 

arbitrary spin and the canonical (FW type) held theory enabled ones to translate the result 
found in these models from one model to another. For example, the results of [25-28] from 
RCQM can be traslated into the canonical held theory. Contrary, the results of [29] from 
canonical held theory can be translated into the RCQM (for free non-interacting cases and in 
the form of anti-Hermitian operators). Note that operator (25) is not unitary but is well dehned 
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and having inverse operator. 

The partial case of the Schrodinger-Foldy equation, when the wave function has only one 
component [14], is called the spinless Salpeter equation and is under consideration in many 
recent papers [6, 27, 28, 30-35]. The partial wave packet solutions of this equation are given 
in [6]. The solutions for free massless and massive particle on a line, massless particle in a 
linear potential, plane wave solution for a free particle (these solution is given here in (8) for 
N-component case), free massless particle in three dimensions have been considered. Further, in 
the paper [32] other time dependent wave packet solutions of the free spinless Salpeter equation 
are given. Taking into account the relation of such wave packets to the Levy process the spinless 
Salpeter equation (in one dimensional space) is called in [32] as the Levy-Schrodinger equation. 
The several examples of the characteristic behavior of such wave packets have been shown, in 
particular, of the multimodality arising in their evolutions: a feature at variance with the typical 
diffusive unimodality of both the corresponding Levy process densities and usual Schrodinger 
wave functions. Therefore, the interesting task is to extend such consideration to the equations 
of the N-component relativistic canonical quantum mechanics considered above and to use the 
links given here in order to transform wave packet solutions [6, 32] into the solutions of the 
equations of the locally covariant held theory. 

In this article the original FW transformation [4] is used and slightly generalized for the 
many component cases. The improvement of the FW transformation [4] is the task of many 
authors from 1950 until today, see, e. g., the recent publications [116-119]. Nevertheless, this 
transformation for free case of non-interacting spin 1/2 particle-antiparticle doublet is not 
changed from 1950 (the year of hrst publication) until today. Alexander Silenko was successful 
in FW transformation for single particles with spin 0 [116], spin 1/2 [117] and spin 1 [118, 
119] interacting with external electric, magnetic and other helds. In the case of non-interacting 
particle, when the external electric, magnetic and other external helds are equal to zero, all 
results of [116-119] and other authors reduce to the earlier results [4, 120]. Therefore, the 
choice in this paper of the exact FW transformation from 1950 as the initial (and basic for 
further generalizations for arbitrary spin) is evident and well-dehned. In our next articles, we 
will consider interacting helds and will use the results of [116-119] and recent results of other 
authors, which generalize the FW formulas in the case of interaction. 

A few remarks should be added about the choice of the spin operator. Authors of recent 
paper [121] considered all spin operators for a Dirac particle satisfying some logical and group- 
theoretical conditions. The discussion of other spin operators proposed in the literature has been 
presented as well. As a result only one satisfactory operator has been chosen. This operator is 
equivalent to the Newton-Wigner spin operator and FW mean-spin operator. Contrary to such 
way the situation here is evident. Above the choice of the spin operator for spin s=l/2 particle- 
antiparticle doublet is unique. The explicit form for such operator follows directly from the main 
principles of the RCQM of spin s=l/2 particle-antiparticle doublet, which are formulated in the 
section 7 of [1]. Such operator from RCQM is given here in formula (34) taken for N=2. After 
that the links between the RCQM, FW representation and the Dirac model unambiguously 
give at hrst the FW spin (35) (with N=2) and hnally the spin 
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which is the FW mean-spin operator (here is given in (35) with N=2 and are 4x4 
standard Dirac matrices). Therefore, the similar consideration for the higher spin doublets 
gives unambiguously the well-dehned higher spin operators, which are presented in the sections 
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22-27 of [1]. These new mean-spin operators (259)-(261), (284)-(286), (359) in [1] for the N- 
component Dirac type equations for higher spins 1, 3/2 and 2 are the interesting independent 
results. 

The goal of the paper [35] is a comprehensive analysis of the intimate relationship between 
jump-type stochastic processes (e. g. Levy flights) and nonlocal (due to integro-differential 
operators involved) quantum dynamics. Special attention is paid to the spinless Salpeter equati¬ 
on and the various wave packets, in particular to their radial expression in 3D. Furthermore, 
Foldy’s approach [5] is used [35] to encompass free Maxwell theory, which however is devoid of 
any «particle» content. Links with the photon wave mechanics are explored. Consideration in 
[1], see e. g. the sections 13, 22 and 23, demonstrates another link between the Maxwell equati¬ 
ons and the RCQM. In the generalization of the Foldy’s synthesis of covariant particle equations 
given here (and in [1]) the Maxwell equations and their analogy for nonzero mass are related to 
the RCQM of spin s=(l,l) and spin s=(l,0,1,0) particle-antiparticle doublets, another approach 
see in [122, 123]. The electromagnetic held equations that follow from the corresponding relativi¬ 
stic quantum mechanical equations have been found in [1]. The new electrodynamical equations 
containing the hypothetical antiphoton and massless spinless antiboson have been introduced. 
The Maxwell-like equations for the boson with spin s=l and m > 0 (W-boson) have been 
introduced as well. In other words in [1], the Maxwell equations for the held with nonzero mass 
have been introduced. 

The covariant consideration of arbitrary spin held theory given here and in sections 21-28 
of [1] contains the non-covariant representations of the Poincare algebra. Nevertheless, it is not 
the dehciency of the given model. For the Poincare group V generators of spin s=(l/2,l/2) the 
covariant form 


= x^^p'^ - xV + ^ [7^, 7Q , (98) 

is well-known, in which the generators have the form of the local Lie operators. Only in order to 
have the uniform consideration (77), (78) the Poincare generators for spin s=(l,0,1,0), (3/2,3/2), 
(2,0,2,0), (2,1,2,1) helds are given in formulae (265), (266), (331), (332), (361), (362) of [1] in 
corresponding uniform forms of non-covariant operators in covariant theory. Of course, the 
corrections given here in (80)-(83) for T^ 2 N necessary. After further transformations of 
these generators sets in the direction of hnding the covariant forms like (98) some sets of 
generators can be presented in the manifestly covariant forms. For other sets of generators 
covariant forms are extrinsic. Some sets of generators can be presented only in the forms, 
which are similar to given in [69-73], where the prime anti-Hermitian operators and specihc 
eigenvectors - eigenvalues equations (with imagine eigenvalues) are used, see, e. g., formula (21) 
in [70]. 

The second reason of the stop on the level (265), (266), (331), (332), (361), (362) of [1] 
is to conserve the important property of the Poincare generators in the canonical FW type 
representation. Similarly to the FW type Poincare generators in the sets (265), (266), (331), 
(332), (361), (362) of [1] both angular momenta (orbital and spin) commute with the operator 
of the Dirac-like equation of motion (74). Contrary to the generators (77), (78), in the covariant 
form (98) only total angular momentum, which is the sum of orbital and spin angular momenta, 
commutes with the Diracian. 

The main point is as follows. The non-covariance is not the barrier for the relativistic 
invariance! Not a matter of fact that non-covariant objects such as the Lebesgue measure d^x 
and the non-covariant Poincare generators are explored, the model of locally covariant held 
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theory of arbitrary spin presented in section 7 is a relativistic invariant in the following sense. 
The Dirac-like equation (74) and the set {ip} of its solutions (75) are invariant with respect to 
the reducible representation of the Poincare group V the non-local and non-covariant generators 
of which are given by (77), (78). Indeed, the direct calculations visualize that generators (77), 
(78) commute with the operator of equation (74) and satisfy the commutation relations ((11) 
in (1)) of the Lie algebra of the Poincare group V. 

The partial case of zero mass has been considered briefly in section 28 of [1]. 

The 8-component manifestly covariant equation (88) for the spin s=3/2 held found in [1] 
and here is the s=3/2 analogy of the 4-component Dirac equation for the spin s=l/2 doublet. 
It is shown that synthesis of this equation from the relativistic canonical quantum mechanics 
of the spin s=3/2 particle-antiparticle doublet is completely similar to the synthesis of the 
Dirac equation from the relativistic canonical quantum mechanics of the spin s=l/2 particle- 
antiparticle doublet. The difference is only in the value of spin (3/2 and 1/2). On this basis 
and on the basis of the investigation of solutions and transformation properties with respect 
to the Poincare group this new 8-component equation is suggested to be well dehned for the 
description of spin s=3/2 fermions. Note that known Rarita-Schwinger (Pauli-Fierz) equation 
has 16 components and needs the additional condition. 

The properties of the Fermi-Bose duality, triality and quadro Fermi-Bose properties of 
equations found have been discussed briefly. 

Hence, the method of synthesis of manifestly covariant held equations on the basis of start 
from the relativistic canonical quantum mechanics of arbitrary spin is suggested. Its approbation 
on few principal examples is presented. 

The main general conclusion is as follows. Among the three main models of arbitrary spin 
(relativistic canonical quantum mechanics, canonical held theory and covariant held theory) 
considered here the relativistic canonical quantum mechanics is the best in rigorous quantum- 
mechanical description. The transition from the relativistic canonical quantum mechanics to 
the canonical held theory essentially worsens the quantum-mechanical description. And the 
hnal transition from the canonical held theory to the covariant held theory essentially worsens 
the quantum-mechanical description once more. 

Thus, the results of [1] are presented here in the general forms. After the given above small 
corrections all results of [1] are conhrmed here. 

The part of these results, which is related to the spin s=l, s=(l,l), s=(l,0,1,0) relativi¬ 
stic canonical quantum mechanics and electrodynamics, has been presented on 15-th MMET 
Conference [123]. Other examples of new equations have been considered recently on XXIIIth 
International Conference on Integrable Systems and Quantum symmetries [124] and on 8-th 
Symposium on Integrable Systems [125]. 
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